Let D = (V , E) be a primitive digraph. The local exponent of D at a vertex u ∈ V , denoted by exp D (u), is defined to be the least integer k such that there is a directed walk of
Introduction and notations
Let D = (V , E) be a digraph on n vertices. We permit loops but no multiple arcs in D. Wielandt [8] found that γ (D) w n = (n − 1) 2 + 1 and showed that there is a unique digraph W (n) that attains this bound, where W (n) = (V , E) is defined as follows: V = {v i | 1 i n} and E = {(v i , v i+1 ) | 1 i n − 1} ∪ {(v n−1 , v 1 ), (v n , v 1 )}. Dulmage and Mendelsohn [2] observed that there are gaps in the exponent set E n = {γ (D) | D ∈ P D n }. Each gap is a set S of consecutive integers below w n such that no D ∈ P D n has an exponent in S. Lewin and Vitek [3] found a general method for determining all the gaps between 1 2 w n + 1 and w n , and they conjectured that there is no gap in {1, 2, . . . , 1 2 w n + 1}. Jiayu [5] proved that the conjecture is true when n is sufficiently large and gave a counterexample to show that the conjecture is not true when n = 11. Zhang [9] proved that the conjecture is true except 48 for n = 11. Therefore, the problem of determining the exponent set is completely solved.
Let D ∈ P D n with L(D) = {s 1 , s 2 , . . . , s λ }. Let u, v ∈ V (D). The relative distance d L(D) (u, v) from u to v is the length of the shortest walk from u to v which meets at least one s i -cycle for i = 1, 2, . . . , λ. The exponent from u to v, denoted by exp D (u, v) , is the least integer k such that u → v [k] for all m k. Clearly, γ (D) = max u,v∈V (D) exp D (u, v) . Now let {s 1 , s 2 , . . . , s λ } be a set of distinct positive integers. Then φ(s 1 , s 2 , . . . , s λ ) is defined to be the least integer m such that every integer k m can be expressed in the form k = 
Brualdi and Liu
Clearly, E n (n) = E n . Zhang [9] obtained E n (n), and Shen and Neufeld [7] obtained E n (1) 
In this paper, we consider E n (k) for all n, k with 2 k n − 1 and obtain the following:
Main Theorem. Let n, k be integers with 2 k n − 1. Then
for all n, k with 2 k n − 1 except n = 11 and 9 k 10. And
Bounds of the kth local exponent exp D (k)
Let D = (V , E) be a digraph, and u ∈ V . For i 1, let
Also we define R 0 (u) := {u}. In this section, we always assume that D ∈ P D n .
Lemma 3 [6] . If s be the girth of D, then
Lemma 5 [7] .
Moreover, it is a sharp bound in a sense.
Proof. By Lemma 8, it is enough to check that exp
On the other hand, it is easy to check that φ( 
is the union of some paths. Suppose that l(C 1 ∩ C 2 ) is the length of the longest path in
, where the maximum is taken over all p-cycle C 1 and q-cycle C 2 with
it is a sharp bound in a sense.
Proof. It is enough to consider n 3. Let C 1 and C 2 be a p-cycle and a q-cycle, respectively, such that l( 
and
Since L(D) = {p, q}, C 4 is p-cycle or q-cycle. Hence this contradicts the choice of C 1 and C 2 . Thus v i , v j are on the same cycle of D 0 . Also since p + q > n, the length of
We estimate the upper bound of exp D (k) according to the following two cases.
(
We divide into the following cases.
1
The proofs of these subcases are analogous to the proof of (I) 1. So it is left to the readers.
We claim that the positions of v i and v j have the following four possibilities.
In fact, we can see it as follows:
. This contradicts to the choice of P.
, use an analogous proof of above, a contradiction too.
If v i , v j ∈ V (C 1 )\V (C 2 ) and i < j, then the length of C 5 is not greater
This contradicts the choice of P.
This contradicts the choice of P. Now we divide into the following cases:
Since G(p, q, k, l(D), s) G(p, q, k, l(D), s + 1) and s t n
The proofs of these subcases are analogous to the proof of (II) 1. So it is left to the readers.
To sum up, the bound is obtained. In the following, we show that this bound is sharp in a sense. Let 3. Gap system between 1 2 (n − 2) 2 + k + 1 and n 2 − 3n + 2 + k
For determining E n (k), in this section, we determine the gap systems between 1 2 (n − 2) 2 + k + 1 and n 2 − 3n + 2 + k.
Theorem 4. Let positive integers p, q, n, k and m be given such that (p, q) ∈ L(n), 2 k n − 1 and m(p, q, k) m M(p, q, k). Then there exists
Proof. We denote by C q the cycle of the form (v 1 , v 2 , . . . , v q , v 1 ) . 
Further let v j be a copy of v q−a for q + t < j n. We can check that exp D (k) = (p − 1)(q − 1) + a + max{k + q − n + t − 1, 0}. In fact, the proof of it is analogous to the proof of Theorem 2. 
Let a take over all numbers in {q −p, q −p + 1, . . . , n−p}. Then we get
By Cases 1 and 2, the proof of the theorem is completed. 
Lemma 13 [7] . E n (1) = {1, 2, . . . ,
Lemma 14. Let n, k be integers with
Proof. The necessity is trivial. Now suppose E (1) , and {1, 2, . . . ,
Lemma 15. If n is even and n
To sum up, the proof of the lemma is completed.
Lemma 16. Let n, k be integers with 2 k n − 1. If n is odd and n 5, then E (1) 
. So the proof of this lemma is completed.
Lemma 17. Let n ≡ 1 (mod 4) and n 9.
The proof of this lemma is completed by Lemma 16 and Theorem 4.
Lemma 18. Let n, k be integers with 2 k n − 1. If n ≡ 3 (mod 4) and n 15, then E (1) 
Proof. Let p = Proof. The proof of this lemma is analogous to the proof of Lemma 6 in [9] .
Lemma 20. If n is odd, n 43 and n / = 61, 83, 105, then E
Proof. Let p = 
Proof. It is easy to see that exp
D (v i+1 ) > exp D (v i+2 ) > · · · > exp D (v n−1 ) > exp D (v n ) and exp D (v 1 ) > exp D (v 2 ) > · · · > exp D (v i ). So exp D (1) = min{exp D (v n ), exp D (v i )}. Since |R (n−2)j +i (v n )| = min{n, 3 + 2j } and |R (n−2)j +i−1 (v n )| = min{n, 2 + 2j }, we have exp D (v n ) = 1 2 (n − 2)(n − 3) + i. Similarly it can be proved that exp D (v i ) = 1 2 (n − 2)(n − 3) + n − i. Thus exp D (1) = exp D (v i ) = 1 2 (n − 2)(n − 3) + n − i. Hence exp D (k) = 1 2 (n 2 − 3n + 4) − i + k for 1 k 2i − n + 1.
Corollary 4. Let n be odd and n
Proof. Let i take over all integers in { 1 2 (n + 1), . . . , n − 2} in Lemma 21.
Proof. Since E n−1 (1) ⊂ E n (2) and {1, 2, . . . , (2) . By Corollary 4, { 1 2 (n 2 − 5n + 12), . . . ,
Case 2. n is even. Table 3 n k E (4) n (k) n k E (4) n (k) 
, it is enough to prove that E (4) n (k) ⊂ E n (k), where E (4) n (k) is as shown in Table 3 .
(4) Let p = (4) n (k) ⊂ E n (k), it is enough to prove that E (5) n (k) ⊂ E n (k), where E (5) n (k) is as shown in Table 4 . , k) ) 3290 + k, we have: for proving E (5) n (k) ⊂ E n (k), it is enough to prove that E (6) n (k) ⊂ E n (k), where E (6) n (k) is as shown in Table 5 . Table 4 n k E (5) n (k) n k E (5) n (k) Table 5 n k E (6) n (k) n k E (6) n (k) Combining Cases 1 and 2, the proof of this theorem is completed.
Corollary 5. {1, 2, . . . , 36 + k, 38 + k, 39 + k, 40 + k} ⊂ E 11 (k) for 9 k 10.
Proof of Main Theorem
First of all, we list E 11 (k) for 9 k 10 without proof. Proof of Main Theorem. By Theorem 7, it is enough to prove that Main Theorem holds for all integers n, k with 2 k n − 1 except for n = 11 and 9 k 10. By Lemma 6 and Theorems 1-6, we get {1, 2, . . . , Remark. Combining [7, 9] and the Main Theorem, we have E n (k) = 1, 2, . . . , 
